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Abstract. Korteweg-de Vries (KdV) and modified Korteweg-de Vries (mKdV) equation
for ion-acoustic cnoidal wave and soliton are derived using the reductive perturbation
method (RPM) in unmagnetized plasma consisting of ions and nonthermal electrons. The
effect of nonthermal electron on the characteristics of the cnoidal wave and soliton are
discussed in detail. It is found that increasing the nonthermal parameter, the amplitude of
the cnoidal wave and soliton increases.
I. INTRODUCTION
A large number of investigations observe that the characteristics of nonlinear periodic waves
in plasmas [1-24]. The cnoidal waves can be expected to play an important role in the nonlinear
transport processes in plasma [1-3]. The nonlinear periodic waves (NPWs) expressed in terms of
Jacobian elliptical-functions, like sn, cn and dn waves, are finding important applications in
diverse areas of physics.
One of them is the nonlinear transport phenomena. Yadav et al. [14] investigated the ion
acoustic cnoidal waves (IACWs) in a magnetized plasma. They highlighted the characteristics of
the IACWs. Yadav et al. [16] also studied the IACWs in plasmas with two-electron-temperature
distribution. It was observed that the amplitude of the IACWs increases as frequency increases.
Tiwari et al. [18] reported that the ion flux of IACWs in a unmagnetized plasmas. The amplitude
of the IACWs also increases with increase in the phase velocity and temperature ratio. The
reader can refer to other related works given in ([19 – 24]).
Crains et al. [25] have considered a nonthermal plasma model and shown that the presence of
a nonthermal distribution of electrons with an excess of energetic particles may change the
nature of ion acoustic waves (IAWs) structure. Ion-acoustic waves in plasma with negative ion
and nonthermal electrons have been reported by Sabry et al. [26]. Another research by Pakzad
and Tribeche [27] discussed the effect of nonthermal parameters on the characteristics on the
IAWs. In their work on the linear and nonlinear IAWs in magnetized plasma with nonthermal
electrons, Jain and Mishra [28] found that increasing the non-thermal parameter, the amplitude
of the soliton decreases, and the width also increases. Another work by Rufai [29] investigated
the auroral electrostatic solitons and supersolitons in a magnetized nonthermal plasma. It is
found that increasing the value of the nonthermal parameters decreases the amplitude of soliton.
Chawla et al. [30] also discussed the effect of nonthermal electron and positron on IAWs in
magnetized plasmas.
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The aim of this paper is study of the effect of nonthermal electron on ion-acoustic cnoidal
wave and soliton in plasma. In Section II, the basic governing equations are presented. In Section
III, the derivation of the KdV equation is given. The cnoidal wave solution of the KdV equation
is outlined in Section IV. In Section V, the derivation of the mKdV equation is shown. The
cnoidal wave solution of the mKdV equation is given in Section VI. Section VII is devoted to the
discussion of results and the conclusion of our investigations is in last section VIII.
II. BASIC EQUATIONS
We consider collisionless unmagnetized plasma consisting of ions and nonthermal electrons.
The nonlinear dynamics behavior of ion acoustic waves is governed by the following normalized
usual equations:
∂ t n + ∂ x (nv) = 0
∂ t v + v∂ x v = −∂ xφ − σn∂ x n

(

φ

)

φ

∂ φ = e − n = 1 − γφ + γφ e − n
2
x

2

(1)
(2)
(3)

where φ , n and v are the electric potential, normalized density and fluid velocity of the plasma
respectively. γ , σ = Ti / Te and λ D = (ε 0Te / n0 e )
ratio and Debye length speed respectively.

2 1/ 2

are nonthermal parameter, ionic temperature

In order to investigate the nonlinear periodic waves (NLPWs) in plasma, we employ the
standard RPM to derive the KdV equation. The independent variables are stretched
as:η

= ε ( x − λt ), τ
1/ 2

(η ) and (τ )

= ε 3 / 2 t where ε is a small parameter and λ is the phase velocity of the wave.

The dependent variables are then expended as

n = 1 + εn (1) + ε 2 n ( 2 ) + ...
v = εv (1) + ε 2 v ( 2 ) + ...
φ = εφ (1) + ε 2φ ( 2) + ...

(4)

III. DERIVATION OF THE KdV EQUATION USING THE RPM
Substituting there expressions along with stretched coordinates into (1) - (3) and we obtain
the first order quantities as
n (1) = (1 − γ )φ (1)

v (1) = λ (1 − γ )φ (1) + C1

(5)
(6)

Here C1 is an integration constant which may depend on the variable τ .
Thus, we obtain the following phase velocity ( λ ) of the cnoidal wave in the ion-acoustic wave
frame
𝜆𝜆2 =

1 + 𝜎𝜎(1 − 𝛾𝛾)
(1 − 𝛾𝛾)

(7)

Jurnal Fizik Malaysia Volume 41 Issue 1 (2020) pgs 10057-10066 J. K. Chawla

We get a relationship among the second order

λv ( 2) = [1 + σ (1 − γ )]φ ( 2) +

[(λ

2

]

)

+ σ − (1 − γ ) (1) 2 1 2
φ − λ + σ ∂ η2 φ (1) + C 2 (τ )
2
4

(

)

(8)

where C2 (τ ) is the second integration constant which is independent of η but may depend on τ . In
the derivation of (8), the periodic boundary condition implies that
There C1 is independent of η and τ .

𝜕𝜕𝑡𝑡 𝐶𝐶1 = 0

(9)

We obtain the following KdV equation, using first and second order equation:

∂ τ φ + x1φ∂ η φ + C1∂ η φ + y1∂ η3 φ = 0

(10)

where
𝑥𝑥1 =

{3𝜆𝜆2 (1 − 𝛾𝛾)3 − 1 + 𝜎𝜎(1 − 𝛾𝛾)3 }
1
, 𝑦𝑦1 =
2
2𝜆𝜆(1 − 𝛾𝛾)
2𝜆𝜆(1 − 𝛾𝛾)2

In (10) φ is used in place in

(11)

φ (1) .

IV. CNOIDAL WAVE SOLUTIONS OF THE KdV EQUATION
In order to determine the steady state solution of the KdV equation (10), we consider
𝛿𝛿 = 𝜂𝜂 − 𝑢𝑢1 𝜏𝜏

(12)

where u1 is a constant velocity.
Integrating equation (10) twice with respect to δ , we obtain

1
(d δ φ )2 + ψ (φ ) = 0
2

(13)

where the Sagdeev potential ψ (φ ) is given by

δ 02
x1 3
u 2
ψ (φ ) = −
φ +
φ + φ 0φ −
2 y1
6 y1
2

(14)

φ0

and δ 0 are respectively, the charge density and electric field when φ vanishes. We find the
ion acoustic soliton solution

φ = φ m sec h 2 (δ / W )
where the amplitude of the soliton

φ m = 3u1 / x1

and width of the soliton

(15)

W = (4 y1 / u1 )1 / 2 .

V. DERIVATION OF THE mKdV EQUATION USING THE RPM
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We employ the stretched coordinates η = ε ( x − λt ), τ = ε 3t in equations (1)-(3), to derive the
mKdV equation, where ε is a small parameter and λ is the phase velocity of the wave.
We find that the first order equations give the same solutions as in Eqs. (5)-(6). Using firstorder solutions, from the second-order continuity equation, momentum equation and Poisson
equations, we obtain

1 2
n2 = (1 − γ )φ ( 2 ) + φ (1)
2
2 1
2
v 2 = λ (1 − γ )φ ( 2 ) + λφ (1)  − (1 − γ )  + C 3 (τ )
2


(16)
(17)

where C3( τ ) is an integration constant
Using the first and second order solutions in the next higher order equations, we obtain
following mKdV equation,

∂ τ φ + gφ 2 ∂ η φ + C 3 ∂ η φ + y1∂ η3 φ = 0

(18)

where
3
𝜎𝜎 1 (1 + 3𝛾𝛾)
𝑔𝑔 = � 𝜆𝜆 − 2𝜆𝜆(1 − 𝛾𝛾)2 +
−
�
2
2𝜆𝜆 6 𝜆𝜆(1 − 𝛾𝛾)2

(19)

In equation (18), φ is used in place of φ1, for convenience.

VI. CNOIDAL WAVE SOLUTION OF THE mKdV EQUATION
For the steady state solution of the mKdV equation (18), we consider the transformation
𝛿𝛿 = 𝜂𝜂 − 𝑢𝑢1 𝜏𝜏

(20)

where u1 is a constant velocity. Using equation (20) in equation (18) and integrating with respect
to η, we obtain

1
(d δ φ )2 + ψ (φ ) = 0
2

(21)

where ψ (φ ) is the Sagdeev potential, given by

u  2
g 4
1 2
φ +
φ −
δ0
6 y1
2 y1
 y1 

ψ (φ ) = −

(22)

where u = u1 – C3,and δ 0 is the electric field when φ vanishes. We following Yadav and Sayal
[19], we obtain the soliton solution as

φ = φ m sec h(δ / W )

 6u 
where the amplitude = φ m = ± 
g

1/ 2

 1 
and width W =  
 2u 

(23)
1/ 2

of the soliton.
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VII. RESULT AND DISCUSSION
To investigate the existence regions and nature of the ion - acoustic cnoidal wave and soliton
in nonthermal plasma, we have done numerical calculations for different set of plasma

parameters ( σ , u , γ , δ 0 and φ 0 ). The Sagdeev potential and phase plane plot with the change in
nonthrmal parameter are shown in Fig. 1 to 4. The numerical results are displayed in Fig. 1 (Eq.
13), where we have plotted the phase plane for the fixed values of the parameters as taken in Fig.
2. In the dotted line (i.e., φ 0 = −0.002 and δ 0 = 0.007 ) nonthermal parameter (γ ) = 0 (blue
color), 0.1 (black color), 0.15 (green color) and 0.2 (red color) of Fig. 1.On the other side, the

solid phase curve (i.e., φ 0 = 0 and δ 0 = 0 ) nonthermal parameter (γ ) = 0 (blue color), 0.1 (black
color), 0.15 (green color) and 0.2 (red color) in Fig. 1.It shows that if we increase the value of the
nonthermal parameter (γ ), the electric potential (φ ) of the cnoidal wave and soliton increases. In
Fig. 2 (Eq. 13), we have potted the phase curve for the fixed values of parameters ( γ , u , δ 0 , φ 0 )
as taken in Fig. 1 but having different value of ionic temperature ratio ( σ ) = 0.2. It shows that if
we increase the value of the nonthermal parameter (γ ), the electric potential (φ ) of the cnoidal
wave and soliton decreases. A comparison of Fig. 1 and 2 shows that for the fixed values of
parameters, if we increase the value of ionic temperature ratio (σ ), the electric potential (φ )
slightly decreases. The change in the amplitude of the Sagdeev potential ψ (φ ) with respect to
potential φ given by equation (14). For the different values of nonthermal parameter (γ ) is
illustrated in Fig. 3 with the finite value of δ 0 = 0.007 and φ 0 = −0.002, the dotted line:
nonthermal parameter (γ ) = 0 (blue color), 0.1 (black color), 0.15 (green color) and 0.2 (red
color) curves represent the Sagdeev potential corresponding to cnoidal waves whereas the solid

curve represents the soliton with δ 0 = 0 and φ 0 = 0, and nonthermal parameter (γ ) = 0 (blue
color), 0.1 (black color), 0.15 (green color) and 0.2 (red color). It shows that if we increase the
value of nonthermal parameter (γ ), the amplitude of the cnoidal wave and soliton increases. In
Fig. 4, represents the variation in the Sagdeev potential ψ (φ ) with respect to potential φ for the
fixed values of parameters ( σ , u , δ 0 and φ 0 ) as taken in Fig. 3, but having different value of
nonthermal electron (γ ) at ionic temperature ratio σ = 0.2. A comparison of Fig. 3 and 4 shows
that for the fixed value of parameters ( u , δ 0 and φ 0 ), if we increase the value of σ , the
amplitude of the cnoidal wave and soliton slightly decreases.
In Fig. 5 to 7, we have plotted phase curves using Eq. (21). In Fig. 5 the values of σ = 0.1,

δ 0 = 0. The phase curve shows two symmetric contours and we have the mKdV
soliton. For δ 0 = 0.001 , the phase curve is repeated and we have the mKdV cnoidal waves. As we
u = 0.001 when

increase the value of nonthermal parameter (γ ) the potential φ also decreases. In Fig. 6 the
variation of the d δ φ with respect to potential (φ ) for the values σ = 0.01, γ = 0.001 and
u = −0.02, when

δ 0 = 0.04 (dotted line), 0.04274 (solid black line) and 0.043 (dashed red line).

In physical space, the potential is monotonically increasing or decreasing, i.e., a soliton. Fig. 7

Jurnal Fizik Malaysia Volume 41 Issue 1 (2020) pgs 10057-10066 J. K. Chawla

represents the variation in the

d δ φ with respect to potential (φ ) for the fixed values of parameters

δ 0 ) as taken in Fig. 6, but having different value of nonthermal electron (γ ). A
comparison of Fig. 6 and 7 shows that for the fixed values of parameters ( σ , u , δ 0 and φ 0 ), if
( σ , u and

we increase the value of nonthermal parameter, the amplitude slightly increases.

FIGURE 1. Variation of 𝑑𝑑𝛿𝛿 𝜙𝜙 with respect to potential 𝜙𝜙 for different value of 𝛿𝛿0 = 0.007 and 𝜙𝜙0 = −0.002 (dotted line), 𝛿𝛿0 =
0 and 𝜙𝜙0 = 0 (solid line), at phase velocity 𝑢𝑢 = 0.015, ionic temperature ratio 𝜎𝜎 = 0.1, and nonthermal electron (𝛾𝛾) = 0 (blue
color), 0.1 (black color), 0.15 (green color) and 0.2 (blue color).

FIGURE 2. Variation of 𝑑𝑑𝛿𝛿 𝜙𝜙 with respect to potential 𝜙𝜙 for different value of 𝛿𝛿0 = 0.007 and 𝜙𝜙0 = −0.002 (dotted line),𝛿𝛿0 =
0 and 𝜙𝜙0 = 0 (solid line), at phase velocity 𝑢𝑢 = 0.015, ionic temperature ratio 𝜎𝜎 = 0.2, and nonthermal electron (𝛾𝛾) = 0 (blue
color), 0.1 (black color), 0.15 (green color) and 0.2 (blue color).
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FIGURE 3. Variation of Sagdeev potential 𝜓𝜓(𝜙𝜙) vs. potential 𝜙𝜙 for different value of 𝛿𝛿0 = 0.007and 𝜙𝜙0 = −0.002 (dotted
line), 𝛿𝛿0 = 0and 𝜙𝜙0 = 0 (solid line), at phase velocity 𝑢𝑢 = 0.015, ionic temperature ratio 𝜎𝜎 = 0.1, and nonthermal electron
(𝛾𝛾) = 0 (blue color), 0.1 (black color), 0.15 (green color) and 0.2 (red color).

FIGURE 4. Variation of Sagdeev potential 𝜓𝜓(𝜙𝜙) vs. potential 𝜙𝜙 for different value of 𝛿𝛿0 = 0.007 and 𝜙𝜙0 = −0.002 (dotted
line), 𝛿𝛿0 = 0 and 𝜙𝜙0 = 0 (solid line), at phase velocity 𝑢𝑢 = 0.015, ionic temperature ratio 𝜎𝜎 = 0.2, and nonthermal electron
(𝛾𝛾) = 0 0 (blue color), 0.1 (black color), 0.15 (green color) and 0.2 (red color).
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FIGURE 5. Phase curve corresponding to 𝛿𝛿0 = 0.001 (dotted line) and 0 (solid line), phase velocity 𝑢𝑢 = 0.001, ionic
temperature ratio 𝜎𝜎 = 0.1, at nonthermal electron (𝛾𝛾) = 0.2 (blue color), 0.22 (black color), 0.24 (green color) and 0.26 (red
line).

FIGURE 6. Phase curve corresponding to ionic temperature ratio 𝜎𝜎 = 0.01, nonthermal electron (𝛾𝛾) = 0.001, and phase
velocity 𝑢𝑢 = −0.02 at 𝛿𝛿0 = 0.04 (blue dotted color line), 0.04274 (black dashed color line) and 0.043 (red dashed color line).

Jurnal Fizik Malaysia Volume 41 Issue 1 (2020) pgs 10057-10066 J. K. Chawla

FIGURE 7. Phase curve corresponding to ionic temperature ratio 𝜎𝜎 = 0.01, nonthermal electron (𝛾𝛾) = 0.04, and phase velocity
𝑢𝑢 = −0.02 at 𝛿𝛿0 = 0.04 (blue dotted color line), 0.04274 (black solid color line) and 0.043 (red dashed color line).

VIII. CONCLUSIONS

In summary, we have addressed the problem of the cnoidal wave and soliton in
unmagnetized plasma with nonthermal electrons and ions. The KdV and mKdV equation is
derived using the reductive perturbation method. The effect of different ranges of nonthermal
parameters on cnoidal wave and soliton is studied. The results obtained in this study may be
useful to explain nonlinear periodic waves associated with ion-acoustic waves in the
astrophysical environment where unmagnetized ions and nonthermal electrons are present.
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